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A B S T R A C T

Vertical planar installations in shallow ground are uncommon technological variants for geothermal heat supply.
Still, they are of increasing interest when depth and space restrictions do not allow the drilling of boreholes or the
installation of horizontal collectors. This work is dedicated to plate-shaped closed-loop heat exchangers that are
installed in trenches at a few meters depth. A novel three-dimensional analytical model is presented that ac-
counts for the thermal properties as well as seasonal temperature variation in the ground. The model represents
the trench collector as a finite plane source with a specific thermal resistance to simulate the mean temperature
of the circulating heat carrier fluid. Both, a detailed dimensional analysis and a successful comparison to nu-
merical simulation are presented. Even though only conductive heat transport is simulated, the model could be
validated to the conditions observed at an experimental field site with a trench collector installed at Biberach,
Germany. The presented analytical method can serve as an ideal tool for the fast dimensioning of vertical planar
heat collectors in practice, and it represents a fundamental framework for the integration of advection or latent
heat transfer in frozen ground.

1. Introduction

Ground heat collectors represent a family of closed-loop devices used
for feeding ground source heat pumps (GSHP). As a common feature,
they are installed at only a few meters depth, where they still experience
seasonal temperature fluctuations. There are various types of ground
heat collectors such as horizontal ground heat collectors, trench col-
lectors, or geothermal baskets. Hou et al. (2022) classified them ac-
cording to their geometry into four categories: linear-loops, slinky-coils,
helical-coils and others (e.g. plate, tunnel-lining). Each geometry can be
installed either vertically or horizontally, and either compactly in
trenches or covering a wide area in the subsurface. Obviously, the ideal
choice is highly dependent on the available space, and for instance,
horizontal collectors are more common in rural areas than in densely
populated cities. The state of the art in this field reveals that a growing
number of geometries are applied in practice, while appropriate plan-
ning tools are lacking. This is due to the challenge of sufficiently
resolving the heat transport processes in shallow ground to predict the
performance of a given geometry. Therefore, further development of
models that can reliably simulate the full system, and which are vali-
dated by experimental field measurements, is recommended to increase

accuracy, reliability, safety and efficiency of the GSHPs (Hou et al. 2022;
Rashid et al. 2023). This motivates the present study.

This paper focuses on three-dimensional analytical modelling of
plate-shaped heat exchangers installed vertically in trenches. Recent
field applications of these technological variants are reported for
instance by Suft and Bertermann (2022) and Oh and Beckers (2023).
Analytical models in particular are appealing due to their computational
efficiency and compactness in comparison to numerical implementa-
tions. This has been demonstrated for example for the simulation of
related geothermal devices such as slinky coils implemented as shallow
horizontal heat exchangers in vertical arrangement by Xiong et al.
(2015) and in horizontal orientation by Larwa et al. (2019). Another
related variant of growing interest is the vertical energy wall, with nu-
merical simulation concepts presented by Kürten et al. (2015) and
Gerola et al. (2023). For the selected vertical trench geometry in our
work, so far only a two-dimensional, analytical model is available
(Ciriello et al. 2015b). Aside from this, Bortoloni and Bottarelli (2015)
used an analytical solution based on the line source method, which is
assumed to be an equivalent slinky-coil having the same heat transfer
surface per trench length. Compared with their two-dimensional nu-
merical model, they achieve promising results for the design minimum
temperature. Further related work deals with numerical simulations or
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experimental measurements for feasibility studies, the comparison of
flat-panel heat exchangers with other geometries and performance
analysis (Amadeh et al. 2020; Bottarelli 2013; Bottarelli et al. 2014;
Bottarelli et al. 2019; Bottarelli and Di Federico 2012; ; Cao et al. 2018,
2018; Ciriello et al. 2015b; Ciriello et al. 2015a; Gabrielli and Bottarelli
2016, 2016; Habibi et al. 2020; Schwarz et al. 2022; Zhou et al. 2021).
For example, Habibi et al. (2020) revealed by numerical simulation the
benefits of flat-panel vertical collectors in comparison to linear heat
exchangers. However, to the best of our knowledge, no analytical
three-dimensional model that accurately describes a plate-shaped trench
collector has been developed by this time. Thus, our objective is to close
this gap. A new analytical model of planar ground heat collectors
installed vertically in trenches for heat conduction in the subsurface is
presented and validated with numerical simulations and experimental
data.

2. Materials and methods

2.1. Analytical model

2.1.1. Finite plane source
Heat conduction in the subsurface influenced by a planar trench

collector is mathematically best represented by a finite plane source
(FPS) with an isothermal boundary condition (Fig. 1). Analogous to the
popular finite line source used for the thermal design of borehole heat
exchangers (Cimmino 2018; Fascì et al. 2021; Rivera et al. 2015), the
FPS is deduced from the three-dimensional, transient heat conduction
equation:

∂T
∂t = α

(
∂2T
∂x2 +

∂2T
∂y2 +

∂2T
∂z2

)

(1)

in which t is time in s, T(x,y,z,t) is temperature in K (or ◦C) and α is the
thermal diffusivity in m2/s. A planar heat source of strength q̇ in W

m2 is
applied at y = 0 (see Fig. 1). It has a constant value S within the di-
mensions of the vertical planar trench collector, i.e. from 0 to Lc in m in
x-direction and from Hinst to (Hinst + Hc) in m in z-direction (see Fig. 1),
and is zero outside:

q̇(x, y, z, t) =
{
S for 0 ≤ x ≤ Lc ∧ y = 0 ∧ Hinst ≤ z ≤ (Hinst + Hc)

0 (2)

Furthermore, the boundary conditions at infinity, at the ground
surface, and the initial condition are given in Eqs. (3) and (4),
respectively:

T||x|→∞ = T||y|→∞ = T|z→∞ = T|z=0 = 0 (3)

T|t=0 = 0 (4)

Taking the instantaneous point source as a fundamental solution of
potential theory (Carslaw and Jaeger 1980), it can be used to solve the
above-described problem for heat conduction. For this, the instanta-
neous point source has to be integrated over time from 0 to t to obtain
the continuous point source at xʹ, yʹ, ź in an infinite solid (Carslaw and
Jaeger 1980). Its solution is given as:

T(x, y, z, t) =
Q̇

4 π λ

erfc

⎛

⎝
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(x− xʹ)2+(y− yʹ)2+(z− zʹ)2

√

2
̅̅̅̅̅
α t

√

⎞

⎠

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(x − xʹ)2 + (y − yʹ)2 + (z − ź )2
√ (5)

where the temperature T(x, y, z, t) is considered to be the solution for a
point source if heat is liberated at the rate Q̇ (inW) per unit time from t =
0 to t = t at the location (xʹ, ý , ź ). Here x, y, z are the evaluation points,

Glossary

dc thickness of the trench collector, m
dh hydraulic diameter, m
Fo Fourier number (dimensionless time)
h heat transfer coefficient, W/(m2⋅K)
Hc height of the collector, m
Hinst installation depth and upper level of the collector, m
Htot total depth or bottom of the collector. It is the sum of the

installation depth and the collector height, m
Lc length of the collector, m
Nu Nusselt number
Pr Prandtl number
Q̇ heat injection (positive) or extraction (negative) rate, W
q̇ specific heat injection (positive) or extraction (negative)

rate, w/m2

Re Reynolds number
R thermal resistance, (m2⋅K)/W
Rb borehole resistance, (m⋅K)/W
Rh convective resistance between the fluid and collector

material, (m2⋅K)/W
1Rc resistance between the mean fluid temperature and the

temperature at the collector wall of a single collector
element, (m2⋅K)/W

t time, s
tp period, s
t0 phase constant: time of the year at which the temperature

of the earth’s surface reaches its minimum, s
T temperature, ◦C
ΔTsp Temperature spread between the collector inlet and outlet

temperatur, K
ΔT temperature difference, K
ΔTam annual amplitude of the mean earth surface temperature, K
x, y, z space coordinates, where the temperature is evaluated, m

Greek symbols
α thermal diffusivity, m2/s
λ thermal conductivity, W/(m⋅K)
θ dimensionless temperature response

Subscripts
a referring to the air properties
analyt referring to the analytical model
c referring to the collector
cw referring to the collector wall
fl referring to the physical properties of the fluid
FPS referring to the Finite Plane Source (Solution)
g referring to the ground or subsurface
i referring to the inlet of the collector
ia referring to the interaction
measurement referring to the measurement data
num. referring to the numerical simulation(s)
o referring to the outlet of the collector
pp referring to the polypropylene material of the collector
s reffering to the properties of the solid matrix
w reffering to the properties of the water

Superscripts
− referring to the mean value
* referring to the dimensionless coordinates
‘ referring to the location of the source
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whereas xʹ, ý , ź define the location of the heat source. Furthermore, λ is
the thermal conductivity in W

mK.
Next, the continuous point source solution must be integrated to the

required dimensions of the collector under consideration, to gain the
solution of the FPS in an infinite solid. With a collector of length Lc and
height Hc, i.e. the plane source is located at (0 ≤ xʹ ≤ Lc), (ý = 0),
(0 ≤ ź ≤ Hc) (see Fig. 1), the integral formulation reads as:

T(x, y, z, t) =
q̇

4 π λ

∫Lc

0

∫Hc

0

erfc

⎛

⎝
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(x− xʹ)2+(y− yʹ)2+(z− zʹ)2

√

2
̅̅̅̅̅
α t

√

⎞

⎠

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(x − xʹ)2 + (y − yʹ)2 + (z − ź )2
√ dź dxʹ (6)

Finally, the method of image is used to create the solution within a
semi-infinite solid with an isothermal boundary condition at z = 0,
which represents the ground surface as depicted in Fig. 1. The solution of
the FPS with an isothermal boundary condition at the subsurface, TFPS,
reads:

where Hinst is the installation depth of the trench collector in m, i.e. the
distance between the ground surface and the upper edge of the ground
heat collector. Eq. (7) is the solution of Eq. (1) for the homogeneous
boundary condition at z = 0 and allows the determination of the tem-
perature at any point (x, y, z) around the planar collector apart from the
location of the source for times t > 0. For design purposes, however, the

mean temperature at the wall of the trench collector Tcw

(
dc
2 , t
)

is to be

considered and can be calculated by Eq. (8) for y = dc
2 . dc is the thickness

of the ground heat collector in m, which in our specific case is 0.006 m
(see Fig. 4). Since the source itself has no width, it is centred so that an
evaluation at the collector wall corresponds to y = dc

2 or y = − dc
2 . In this

case, it is sufficient to consider only one side of the collector wall, as the
heat transfer is symmetrical.

Fig. 1. Geometrical settings for the finite plane source in a semi-infinite solid with an isothermal boundary to simulate a vertical trench collector.

TFPS(x, y, z, t) =
q̇
4πλ

∫Lc

0

∫Hinst+Hc

Hinst

erfc

⎛

⎝

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(x − xʹ)2 + (y − yʹ)2 + (z − ź )2
√

2
̅̅̅̅̅
αt

√

⎞

⎠

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(x − xʹ)2 + (y − yʹ)2 + (z − ź )2
√ −

erfc

⎛

⎝

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(x − xʹ)2 + (y − yʹ)2 + (z+ ź )2
√

2
̅̅̅̅̅
αt

√

⎞

⎠

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(x − xʹ)2 + (y − yʹ)2 + (z+ ź )2
√ dź dxʹ

(7)
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TFPS(y, t) =
q̇

4πλLcHc

∫ Lc

0

∫ Hinst +Hc

Hinst

∫ Lc

0

∫ Hinst +Hc

Hinst

erfc

⎛

⎝

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(x − xʹ)2 + (y − yʹ)2 + (z − ź )2
√

2
̅̅̅̅̅
αt

√

⎞

⎠

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(x − xʹ)2 + (y − yʹ)2 + (z − ź )2
√

−

erfc

⎛

⎝

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(x − xʹ)2 + (y − yʹ)2 + (z+ ź )2
√

2
̅̅̅̅̅
αt

√

⎞

⎠

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(x − xʹ)2 + (y − yʹ)2 + (z+ ź )2
√ dź dxʹdzdx.

(8)

By simplifying the quadruple integral in Eq. (8) to a sum of only
double and single integrals, the formula becomes more manageable. The
reduction of the multiple integrals in Eq. (8) leads to the long but
computationally optimised Eq. (A I) contained in the appendix. Evalu-
ating Eq. (8) at y = dc

2 results in the mean collector wall temperature Tcw.

2.1.2. Dimensional analysis
The dimensional analysis of the given heat conduction problem fa-

cilitates, analogous to the common g-functions of borehole heat ex-
changers (Cimmino 2018; Eskilson 1987; Miocic et al. 2024; Rivera et al.
2017), the development of dimensionless response functions at the
collector wall. The use of these functions enables a broad range of
application of a certain solution independent of case-specific geomet-
rical and thermal properties. The total height from the ground surface to
the bottom of the ground heat collector Htot in m (see Fig. 1) is used for
nondimensionalisation of all geometry parameters and is calculated as
follows:

Htot = Hinst + Hc (9)

This height is chosen for the non-dimensionalisation since it com-
prises two relevant geometrical parameters influencing the dimension-
less temperature response, i.e. the installation depth Hinst and the
collector height Hc. These heights are governing parameters for the heat
transfer between the collector and the ground surface, whereas the in-
fluence of the collector length Lc is less pronounced, because typically Lc
is larger than the heights. Particularly with very long collectors or
several collectors in a row, the influence of Lc becomes increasingly less
relevant, approaching a two-dimensional situation which would result
in values of the non-dimensional coordinates towards zero if Lc was used
for non-dimensionalisation.

Then, the following dimensionless variables are used in the dimen-
sional analysis:

x* =
x
Htot

y* =
y
Htot

=
dc

2Htot
z* =

z
Htot

(10)

xʹ* =
xʹ

Htot
yʹ* =

yʹ

Htot
= 0 zʹ* =

ź
Htot

(11)

FoHtot =
α t
Htot

2 (12)

θ(FoHtot ) = ΔT(t)
λ

q̇ Htot
(13)

where the dimensionless coordinates x*, y*, z*, xʹ*, yʹ*, zʹ* are marked by
a superscript asterisk, FoHtot corresponds to the dimensionless time and
θ(FoHtot ) is the dimensionless temperature response of the ground heat
collector.

Hence, the dimensionless form of Eq. (1) is defined as

q̇Htot

λ
α

Htot
2

∂θ
∂FoHtot

=
q̇Htot

λ
1

Htot
2 α
(

∂2θ
∂x*2 +

∂2θ
∂y*2 +

∂2θ
∂z*2

)

∂θ
∂FoHtot

=

(
∂2θ
∂x*2 +

∂2θ
∂y*2 +

∂2θ
∂z*2

) (14)

It can be deduced that the dimensionless temperature response
resulting from the FPS for one trench collector depends on the Fourier
number, the dimensionless time, Eq. (12) and the following dimen-
sionless geometrical parameters:

Lc
Htot

(15)

Hinst

Htot
(16)

dc
2 Htot

(17)

Using Eq. (8) and the dimensional analysis, the dimensionless tem-
perature response at the collector wall of the continuous FPS solution
with an isothermal boundary condition at the ground surface is derived:

θ
(

dc
2Htot

, x*, z*, x’*, z’*, FoHtot

)

=
Htot

4π Lc
Htot

(

1 −
Hinst

Htot

)

∫ Lc
Htot

0

∫ 1

Hinst
Htot

∫ Lc
Htot

0

∫ 1

Hinst
Htot

erfc

⎛

⎜
⎜
⎜
⎜
⎝

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(x* − x’*)
2
+

(
dc

2Htot

)2

+ (z* − z’*)
2

√

2
̅̅̅̅̅̅̅̅̅̅̅
FoHtot

√

⎞

⎟
⎟
⎟
⎟
⎠

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(x* − x’*)
2
+

(
dc

2Htot

)2

+ (z* − z’*)
2

√

−

erfc

⎛

⎜
⎜
⎜
⎜
⎝

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(x* − x’*)
2
+

(
dc

2Htot

)2

+ (z* + z’*)
2

√

2
̅̅̅̅̅̅̅̅̅̅̅
FoHtot

√

⎞

⎟
⎟
⎟
⎟
⎠

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(x* − x’*)
2
+

(
dc

2Htot

)2

+ (z* + z’*)
2

√ dz’*dx’*dz*dx*

(18)

Fig. 2. Dimensionless temperature response of the FPS with a heat injection
rate at the source and a source geometry corresponding to the one of the
experimental plant at the Biberach University of Applied Sciences (see technical
details given in Section 2.3).
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An exemplary curve of the dimensionless temperature response for
an experimental plant (described in detail in Section 2.3) is shown in
Fig. 2.

2.1.3. Seasonal temperature variation
Generally, ground heat collectors are installed at a depth of 1 to 1.5

m below the ground surface and can affect the subsurface at a depth of 3
to 5 m (Koenigsdorff 2011). Therefore, the annual temperature oscilla-
tion at the ground surface and its impact at the installation depth have to
be considered. Since the temperature in these depths varies within a
broad range, Kusuda and Achenbach (1965) proposed Eq. (19) to
calculate the seasonal varying ground temperature Tg(z, t) depending on
its depth z in m:

Tg(z, t) = Ta − ΔTam e
− z

̅̅̅̅̅̅
π

tp α

√

cos

(
2 π
tp

[

t − t0 −
z
2

̅̅̅̅̅̅̅
tp

π α

√ ])

(19)

The phase constant t0 in Eq. (19) corresponds to the time of the year
in s at which the temperature of the ground surface reaches its mini-
mum. The considered time period tp in s is one year, as after this period
the seasonal oscillation restarts. This oscillation with the amplitude
ΔTam is subtracted from the annual mean air temperature Ta. As can be
seen in Fig. 3, the seasonal temperature at a specific time of the year can
vary by several degrees over the collector height. For example, at the
end of the second month the undisturbed subsurface temperature varies
between 3.6 ◦C at the installation depth and 6.4 ◦C at the bottom of the
collector, whereas at the end of the fourth month there is barely a
temperature difference. Analysing Eq. (19), the damping of the ground
surface temperature oscillation depends on − z

̅̅̅̅̅̅
π

tp α

√
, which corre-

sponds to −
̅̅̅̅̅̅̅

π
Foz

√
, i.e. the damping includes the dimensionless time

Foz. Only for values of Foz smaller than 0.025 the seasonal oscillation is
regarded to be negligible, larger values show a clear influence of the
seasonal temperature oscillation. Since the undisturbed subsurface
temperature is crucial for both the determination of the minimum
temperature and for natural regeneration and varies within a broad
range over the collector height, it is important to average this temper-
ature spatially (over the collector height). The spatial averaging of the
seasonal temperature variation of the undisturbed subsurface within the
installation depth is carried out over the collector height, starting at the
installation depth Hinst and reaching down to the collector bottom edge
Htot . Eqs. (20) and (21) specify the average of the seasonal undisturbed
temperature over the collector height:

Tg(t) = Ta + ΔTg(t) (20)

ΔTg(t) =
− ΔTam

2 Hc
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π

tp α

√
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2 π
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2 π
tp

(t − t0) − Hinst

̅̅̅̅̅̅̅̅π
tp α

√ )

⎤

⎥
⎥
⎥
⎥
⎦

− e
− Htot

̅̅̅̅̅̅
π

tp α

√

⎡

⎢
⎢
⎢
⎢
⎣

sin
(
2 π
tp

(t − t0) − Htot

̅̅̅̅̅̅̅̅π
tp α

√ )

+cos
(
2 π
tp

(t − t0) − Htot

̅̅̅̅̅̅̅̅π
tp α

√ )

⎤

⎥
⎥
⎥
⎥
⎦

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(21)

with Tg(t) being the spatial mean undisturbed subsurface temperature in
◦C over the installation depth of the trench collector and ΔTg(t) is the
spatial average (over the installation depth) of the temperature change
of the seasonal oscillation. Eq. (19) is a quasi-stationary solution of Eq.
(1) for the inhomogeneous temperature boundary condition which
corresponds to Eq. (19) for z = 0.

For a trench collector buried at a depth of 1.2 m, a collector height of
1.2 m and the properties listed in Table 1, the seasonal temperature
variations in the collector depth and its mean temperature variation are
depicted in Fig. 3.

2.1.4. Ground heat exchanger resistance
Analogous to referring to the thermal resistance Rb of borehole heat

exchangers (Eskilson 1987; Hellström 1991; Lamarche 2021; Ozudogru
et al. 2014; Wagner et al. 2013; Yoon et al. 2014) the heat transfer
through the ground heat collector itself is modelled with a so-called
collector resistance, Rc (Van de Ven et al. 2018). All thermal re-
sistances in this paper have the unit m2K

W . A cross-section of the collector
geometry, a twin-wall sheet, is depicted in Fig. 4. Fig. 4b) shows the
analytical resistance model for one collector element (one fluid channel
with corresponding plate section), which consists of a convective resis-
tance Rh between fluid and collector material and a conductive resis-
tance Rpp through the polypropylene. These resistances are connected in
series. The convective resistance Rh can be defined analytically, whereas
the conductive resistance Rpp is defined by numerical simulations and
both are combined by an analytical resistancemodel. The entire model is
based on assumptions which are described hereinafter. The first
assumption is a uniform flow through each element of the trench col-
lector, which means that the heat carrier fluid temperature in each
channel is uniform as well. Thus, the interaction between the channels is
considered negligible, i.e., Ria may be omitted. As a consequence,
adiabatic boundary conditions between the collector elements as
depicted in Fig. 4a) allow a parallel connection of all element resistances
1Rc except for the five elements each at the top and at the bottom of the
trench collector. These are excluded since no flow occurs through these
channels for safety reasons and are thus treated as inactive. Accordingly,
in the model, the 6th element both from the top and the bottom has only
one adiabatic boundary towards the neighbouring active element. This
means that two kinds of conductive resistances Rpp must be considered

Fig. 3. Seasonal temperature variations of the subsurface at various depths
over the collector height and its mean value for the parameters defined
in Table 1.

Table 1
Parameters used to calculate undisturbed subsurface temperatures.

Parameter description Value Unit

Annual mean air temperature Ta 10 ◦C
Annual amplitude of the mean ground surface temperature ΔTam 10 K
Phase constant t0 840 h
Period tp 8760 h
Thermal diffusivity of the subsurface α 0.002477064 m2/h
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and as a consequence two numerical simulations must be carried out for
the different collector elements: one for the centre element with two
adiabatic boundary conditions, and one for a corner element which has
one adiabatic boundary condition and borders on five non-flow-through
elements on the other side. Furthermore, the boundary condition to-
wards the subsurface is set to have a constant temperature, whereas the
collector interior boundary of the active elements is simulated with a
Cauchy boundary condition. The collector consists of 199 elements, 189
of which are active and 187 of which correspond to the resistance model
in Fig. 4b).

The heat transfer coefficient h in W
m2K is the inverse of the convective

resistance Rh and is calculated by Eqs. (22) and (23) for laminar flow in
the collector. Due to the small chambers of the collector, only a laminar
flow will occur within this kind of trench collector. Thus, h can be
calculated from (Schramek et al. 2005).

h =
Nu λ
dh

(22)

with

Nu =

[

49.028+ 4.173 Re Pr
dh
Lc

]0.333

for Re < 2320 (23)

where Nu is the dimensionless Nusselt number, characterising the
convective heat transfer, dh the representative dimension in m, which in
this specific case is the hydraulic diameter of the collector channel, and λ
is the thermal conductivity of the fluid in W

mK. In order to calculate the
Nusselt number Nu, the Prandtl number Pr is needed. Furthermore, it
hast to be checked if the condition for the Reynolds number Re is ful-
filled. Considering material properties of a mixture of water and
ethylene glycol with 25% glycol for the fluid, a nominal volume flow of 6
l/min though the trench collector and a Reynolds number of 35, the heat
transfer coefficient h reaches a value of 368.46 W/(m2 K) at a fluid
temperature of 0 ◦C. In order to determine the collector resistance, the

results of the numerical simulations from Van de Ven et al. (2018) are
used, resulting in a temperature-specific heat flux density of 246.58
W/(m2 K) and 41.17 W/(m2 K), for each middle element and each edge
element, respectively. With these results and the installation area
serving as a reference surface, the overall collector resistance Rc is
0.00429 (m2 K)/W. Using the collector resistance Rc and the heat
extraction or injection rate q̇, the temperature change due the trench
collector resistance, ΔTRc , is calculated as:

ΔTRc = q̇Rc (24)

2.1.5. Analytical algorithm for ground thermal conditions around a planar
trench collector

The major benefit of the analytical model presented here is the fast
calculation of the collector outlet temperature. The collector outlet
temperature is often the main limitation in the design of such systems
due to operational safety or to avoid environmental damage (Ramming
2007; Verein Deutscher Ingenieure e.V., 2019). The prerequisite for its
calculation is that the heat extraction rate, the temperature spread over
the collector ΔTsp(t) (difference between fluid inlet and outlet temper-
ature), the thermal subsurface properties, and the collector geometry are
given. The heat transfer in the subsurface due to the planar trench col-
lector including the undisturbed seasonal temperature oscillation is
decomposed into a homogeneous and an inhomogeneous boundary
value problem. In this case, the TFPS(x,y,z,t) is the solution (Eq. (7)) of
the homogeneous boundary value problem, while the seasonal temper-
ature oscillation represents the solution (Eq. (19)) of the inhomogeneous
boundary value problem (Carslaw and Jaeger 1980). Therefore, the

dimensionless temperature response function θ
(

Lc
Htot

, Hinst
Htot

, dc
2 Htot

, FoHtot

)

with the corresponding dimensionless parameters can be selected. Now
the temperatures from Sections 2.1.1 and 2.1.3 can be calculated and
superposed to determine the mean collector wall temperature Tcw(t).
Thereupon, the temperature change due to the collector resistance as

Fig. 4. a) Geometry and cross-section of the trench collector in a three-dimensional perspective, and b) the analytical resistance model for one channel with two
adiabatic boundaries.
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described in Section 2.1.4 can be applied, so that finally the collector
outlet temperature Tfl,o is determined as in the following equations:

Tfl(t) = Tg(t) + Tcw(t) + ΔTRc (t) (25)

Tfl,o = Tfl(t) −
ΔTsp(t)

2
(26)

The collector outlet temperature Tfl,o has to be determined in the
design phase, since this temperature is limited, e.g. in the VDI-guideline
in Germany (Verein Deutscher Ingenieure e.V. 2019).

2.2. Numerical model

The numerical model serves as a reference for the validation of the
analytical model. The basic model is set up in COMSOL Multiphysics®
using the Heat Transfer in Porous Media module. Since the FPS model
simulates heat conduction only in the subsurface, the numerical model
does not consider the detailed geometry of the planar trench collector
but focuses on the relevant heat transfer processes in the surrounding
ground. Therefore, the collector is represented as a planar heat sink/
source installed at a depth of 1.2 m below the surface. The seasonal
temperature fluctuations at the ground surface are represented using Eq.
(19) for the time-dependent temperature variation at the surface by
setting z = 0 m. The initial temperature distribution of the simulation
domain due to the seasonal fluctuations is also calculated by Eq. (19)
using t = 0 s as a starting point in time. The domain was defined
empirically by varying its size, while both the temperature at the col-
lector wall and the dimensionless temperature were monitored for
different boundary conditions. Furthermore, the calculation speed is
optimised by quartering the simulation domain and using symmetry
boundary conditions. As a result of the domain reduction due to sym-
metry, the heat injection rate specified in COMSOL is halved compared
to the analytical model to ensure consistency of both models. In addition
to the domain reduction, infinite regions at the border of the domain
allow a reduction of the simulation domain whilst avoiding their
boundary influence at the collector surface. The grid of the numerical
model consists mainly of a free tetrahedral mesh extended by a struc-
tured mesh in the infinite regions. At the collector surface, the grid is
extremely fine and becomes coarser towards the edge.

2.3. Experimental plant

To validate practical suitability, the proposed analytical model is
compared with measurement data of an experimental plant. The
experimental plant is located at the Biberach University of Applied
Sciences in Biberach (Riß) in southern Germany. The collector is 7 m
long, 1.2 m high, 6 mm thick and installed in a trench at a depth of 70 cm
below the ground surface. The collector consists of 199 polypropylene

channels as depicted in Fig. 4. A more detailed description of the ground
heat collector plant and the installed measuring equipment can be found
in (Van de Ven et al. unpublished results). In addition to the trench
collector and measurement equipment system described in (Van de Ven
et al. unpublished results), the TRT device of the Biberach University of
Applied Sciences shown in Fig. 5b) is used to increase the inlet tem-
perature in the trench collector while assuring a constant heat transfer
rate. Further details on the trench collector itself can be found in plan-
ning and operating instructions (MEFA Befestigungs- und Mon-
tagesysteme GmbH 2022).

For the validation of the FPS model with measurement data from the
experimental plant, the dimensionless temperature response of the FPS
model with the dimensionless parameter values matching the ones of the
experimental plant is used. The site-specific values are as follows:

Lc
Htot

= 3.68;
Hinst

Htot
= 0.37;

dc
2 Htot

= 0.0016 (27)

Fig. 2 shows the corresponding dimensionless temperature response
for the installed trench collector.

3. Results and discussion

3.1. Verification of the analytical model

For the mathematical verification of the analytical model equations
derived here, a period of one year is analysed, as ground heat collectors
should be regenerated within one year to ensure the same output in the
following year. Note that the collector and subsurface properties for the
theoretical investigations in this chapter correspond to recommended
installation conditions. Thus, parameter settings for verification as listed
in Table 2 are hypothetical and vary from the ones of the experimental
plant that is subject to the following chapter.

The verification is carried out systematically. First, a constant heat
extraction rate and a constant temperature at the ground surface as in
Eq. (8) is investigated followed by the model for the mean seasonal
temperature variation in the installation depth as in Eqs. (20) and (21).
After that, the combination of both models, i.e. the superposing of the
temperature change in Eqs. (8), (20) and (21), is investigated and
compared with the corresponding numerical model. Finally, a simula-
tion is carried out considering a six-month collector operation followed
by six months of regeneration while including the seasonal temperature
variation.

If only the FPS model is compared with the numerical simulation, it

Fig. 5. a) Trench collector and measurement equipment during installation, b)
thermal response test device attached to the trench collector plant at the
experimental site.

Table 2
Collector and subsurface properties for the comparison of the analytical and
numerical model.

Collector properties:

Collector length Lc 7 m
Collector height Hc 1.2 m
Collector thickness dc 0.006 m
Installation depth Hinst 1.2 m
Heat load Q̇ -200 W

Subsurface properties:

Thermal conductivity of the solid matrix λs 1.5 W/(m K)
Porosity ϕ 0.2
Density of the solid matrix ρs 2180 kg/m3

Specific heat capacity of the solid matrix cp,s 1000 J/(kg K)
Thermal conductivity of the groundwater λw 0.58 W/(m K)
Density of the groundwater ρw 1000 kg/m3

Specific heat capacity of the groundwater cp,w 4200 J/(kg K)
Annual mean surface temperature Tg,0 10 ◦C

seasonal temperature oscillation:

Period tp 8760 h
Phase constant t0 840 h
Annual amplitude of the surface temperature ΔTam 10 K
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can be seen in Figs. 6 and 7 that both models agree very well. The ab-
solute temperature deviation is less than 0.04 K, and the percentage
deviation is less than 0.5% and can therefore be neglected.

The spatial integral mean of the undisturbed subsurface temperature
in the installation depth of the trench collector for both the numerical
simulation and the analytical solution from Eqs. (20) and (21) are shown
in Fig. 8. The deviation between both models reaches a maximum of ca.
0.009 K, which is very small and considered negligible.

For the combination of the model with constant heat extraction and
the seasonal temperature variation in the subsurface, the deviation is
higher than in the two individual models, as revealed in Fig. 9. However,
the maximum deviation is smaller than 0.05 K. This value is so small that
it can be considered negligible for practical purposes. This very good
agreement proves that by decomposition of the problem in an inhomo-
geneous and a homogeneous boundary value problem the single solu-
tions can be superposed. If calculation time is considered, the numerical
model takes 7 h 48 min. with an Intel Xeon Gold 6230R @ 2.10 GHz
processor. In contrast, the analytical model takes less than eight minutes
on a standard laptop. The reduction in computing time by a factor of
more than 60 clearly shows the advantage of the analytical model.

Typically, a ground heat collector will extract heat during the winter

Fig. 6. Comparison of the temperature of the analytical and the numerical
model for a constant heat extraction rate and a constant temperature at the
ground surface.

Fig. 7. Comparison of the dimensionless temperature response of the analytical
and the numerical model for a constant heat extraction rate and a constant
temperature at the ground surface.

Fig. 8. Comparison of the spatial mean seasonal temperature in the installation
depth of the analytical and the numerical model.

Fig. 9. Comparison of the temperature of the analytical and the numerical
model for a constant heat extraction rate and a seasonal temperature variation
at the ground surface.

Fig. 10. Comparison of the mean temperature at the collector wall of the
analytical and the numerical model for a constant heat extraction rate over
4380 h and a seasonal temperature variation at the ground surface.

A. Van de Ven et al.



Geothermics 124 (2024) 103123

9

season, i.e., from November to April in the northern hemisphere. In the
cases where no active regeneration is foreseen, the ground heat collector
uses natural regeneration during the summer half of the year (from May
to October in the northern hemisphere) to be able to ensure the same
amount of heat extraction the following year. For representing such
conditions, the last verification scenario applies six months of constant
heat extraction followed by six months of natural regeneration. Fig. 10
shows the results of both the analytical and the numerical model for the
afore-described heat extraction profile. A very good match is achieved
between both models. The deviation only increases abruptly as the heat
extraction stops but decreases again afterwards. Apart from this short
switchover time, the deviation is smaller than 0.05 K.

Based on the various model comparisons, it can be stated that the
analytical model corresponds very well to the numerical model. After
the successful verification, the next step is the validation of the analyt-
ical model with measurement data.

3.2. Validation of the analytical model

In order to demonstrate the practical applicability of the FPS model,
a comparison with measurement data is performed. Three experiments
were conducted, in each of which a constant volume flow and heat
transfer rate were employed to the trench collector at the field site
similar to a standard TRT for borehole heat exchangers (Spitler and
Gehlin 2015). The main parameters of the experiments, the determined
undisturbed subsurface temperatures, the estimated thermal conduc-
tivities, and collector resistances are listed in Table 3 for each experi-
ment. The three experiments were carried out under slightly different
conditions. The first experiment was carried out in 2022 with the lowest
heat injection rate of 0.88 kW to avoid excessive overheating of the
subsurface, since the undisturbed subsurface temperature was rather
high at that time. The two other experiments were conducted in spring
2023 starting with considerably lower undisturbed subsurface temper-
atures, especially for experiment 2. This range of possible different

initial parameters creates a solid basis for validating the analytical
model. The constant heat injection rate and the constant volume flow
are induced by the TRT device. For all experiments, first the undisturbed
subsurface temperature at the installation depth was determined using
the buried PT100 sensors directly next to the collector. Then, a fitting
procedure, i.e. the Levenberg-Marquardt algorithm for nonlinear least
squares curve-fitting problems, was conducted to estimate the thermal
conductivity, λ, and the collector resistance, Rc. To avoid the influence of
the starting behaviour, the measurement data within the first hour was
neglected.

A comparison of the measurement data and the FPS model is shown
in Figs. 11–13. These figures show a good agreement for all three ex-
periments. However, it is noticeable that the fitted values for the thermal

Table 3
Experiment descriptions and results.

Description Unit Experiment 1 Experiment 2 Experiment 3

Date of the experiment DD.MM.YYY 28.04.2022 – 03.05.2022 28.02.2023 – 6.03.2023 06.04.2023 – 11.04.2023
Heat injection rate kW 0.88 1.51 1.54
Volume flow m3/h 1.00 0.88 0.88
Undisturbed temperature ◦C 8.9 6.2 8.1
Thermal conductivity W/(m⋅K) 1.47 1.84 1.76
Collector resistance (m2⋅K)/W 0.0245 0.0303 0.0233

Fig. 11. Comparison of the finite plane source and the measurement data of
experiment 1.

Fig. 12. Comparison of the finite plane source and the measurement data of
experiment 2.

Fig. 13. Comparison of the finite plane source and the measurement data of
experiment 3.
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conductivity and the collector resistance vary depending on the exper-
iment. In particular, the range of thermal conductivity values is rela-
tively wide, especially between the first experiment and the last two
experiments. One reason for the higher thermal conductivities in the
experiments of 2023 may be the fact that there was a relatively high
precipitation in 2023 (Deutscher Wetterdienst, 2023). Related studies
indicate that the influence of moisture may be significant for the heat
conduction of a ground heat exchanger, especially in low-moisture soils
(Li et al. 2022).

To evaluate the quality of the fitting and the resulting parameters for
the thermal conductivity and the collector resistance, an exhaustive grid
search was carried out for all experiments. The thermal conductivity was
evaluated from 0.01 to 5.0 in 0.01 steps and the collector resistance from
0.0001 to 0.1 in 0.0001 steps leading to a total number of about 500,000
value pairs. The root mean square error (RMSE) for each pair of values is
determined for all 3 experiments and visualised in Fig. 14 for RMSE-
values less than or equal to 1 K. Physical thermal conductivity mea-
surements of the soil at the site were conducted both in-situ and from
bucket samples. The in-situ measurements are done with the hot wire
method with a needle probe (ISOMET 2104, Applied Precision Ltd.,
Slovakia), whereas the bucket samples are conducted with the transient
plane source method (HotDisk TPS1500, C3 Prozess- und Analy-
sentechnik, Germany). The measurements showed values between 1.3
and 2.0 W/(m⋅K). As depicted in Fig. 14, the smallest deviation to the
measurement data lies within this range. The steepness of the RMSE
trend in the figures show that the thermal conductivity is very sensitive
and, thus, can be estimated well. The feasible range of the collector
resistance, however, is large. In complementary numerical simulations,

the collector resistance for the installed collector type is determined to
be 0.00429 (m2⋅K)/W. However, as soon as the contact between the
subsurface and the collector is not ideal, the resistance increases sub-
stantially. Even with an air gap of only 0.5 mm on both collector sides,
the resistance triples. The real value of the collector resistance is likely to
be higher than the simulated value due to the assumed ideal contact with
the subsurface and the assumption of a uniform flow through the col-
lector in the simulation model. As an upper limit, an air gap of 1.5 mm
on both collector sides is added to the simulated resistance value,
leading to a collector resistance of 0.03554 (m2⋅K)/W. Furthermore, it is
to be mentioned that the assumed uniform flow in the resistance model
does not perfectly apply over the entire collector height in practice. For
this reason, a higher collector resistance is to be expected. In addition, it
is possible that, analogous to the finding of Marcotte and Pasquier
(2008) for borehole resistances, the collector resistance is overestimated
by the curve fitting based on the least-squares. As with the thermal
conductivity, the collector resistance is also within the expected range
due to the non-ideal connection to the subsurface and flow into the
collector.

4. Conclusions

This paper presents a three-dimensional, analytical model for planar
ground heat collectors vertically installed in trenches for dimensioning
purposes. The model not only considers the correct geometry of the
source system but also the seasonal temperature fluctuation in the
ground as well as the thermal resistance through the heat exchanger
plate and its influence on the fluid temperature in the collector. If the

Fig. 14. RMSE of the collector resistance and the thermal conductivity pairs for simulation of a) experiment 1, b) experiment 2, c) experiment 3.
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subsurface parameters and the heat extraction or injection rate are
known, the mean fluid temperature in the collector can be calculated for
the case of pure heat conduction in the ground.

The FPS is used to represent the heat extraction or injection and the
heat conduction in the subsurface. A mathematical solution for the
quadruple integrals of the FPS is presented containing only double or
single integrals. A dimensional analysis is performed which allows the
use of dimensionless temperature responses to cover a wider range of
similar geometries. Furthermore, a mathematical solution for the
spatially averaged seasonal temperature variation over the installation
depth of the collector is presented and the use of a ground heat
exchanger resistance is introduced. The calculation algorithm presented
uses the superposition principle of all the aforementioned temperature
responses in order to determine the mean fluid temperature in the
ground heat collector.

The developed novel model was verified with numerical simulations
and validated satisfactorily with measured values of an experimental
plant. Compared to numerical simulations, which do not even directly
calculate the mean fluid temperature, the calculation time of the pre-
sented analytical model is 60 times smaller. Characterised by a lower
complexity, analytical models in general are easier to handle and
therefore more suitable for dimensioning and extensive parameter
studies.

These promising results should be further investigated to be able to
map load profiles of ground heat collectors through temporal super-
position in the analytical model. Finally, it is strongly recommended to
extend the analytical model to take the phase change within the sub-
surface into account since ground heat collectors are characterised by
freezing the ground during winter.
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Appendix

Computationally optimised solution of the mean result of the FPS:

TFPS(y, t) =
q̇
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√
(
4αt + Lc2 + y2 + Hc

2)e
− Lc2 − y2 − Hc

2

4αt

(A II)

b =
2̅
̅̅
π

√ (4αt)
3
2

(

e
− y2
4αt − e

− y2 − Hc
2

4αt − e
− Lc2 − y2

4αt + e
− Lc2 − y2 − Hc

2

4αt

)

(A III)

c = − 8 α t Lc
(

e
− y2
4αt − e

− y2 − Hc
2

4αt

)

erf
(

Lc
̅̅̅̅̅̅̅
4αt

√

)

(A IV)
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d = − 8 α t Hc

(

e
− y2
4αt − e

− Lc2 − y2
4αt

)

erf
(

Hc
̅̅̅̅̅̅̅
4αt

√

)

(A V)

e = 2Lc
̅̅̅̅̅̅̅
4αt

√

∫Lc

− Lc

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
μ2 + y2

4αt

√

erfc

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
μ2 + y2

4αt

√ )

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

μ2 + y2 + H2
c

4αt

√

erfc

⎛

⎝

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

μ2 + y2 + H2
c

4αt

√ ⎞

⎠dμ

(A VI)

f = 2 Hc
̅̅̅̅̅̅̅
4αt

√

∫Hc

− Hc

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

y2 + ζ2

4αt

√

erfc

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

y2 + ζ2

4αt

√ )

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

L2c + y2 + ζ2

4αt

√

erfc

⎛

⎝

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

L2c + y2 + ζ2

4αt

√ ⎞

⎠dζ

(A VII)

g = Lc Hc
̅̅̅̅̅̅̅
4αt

√
∫Hc

− Hc

∫Lc

− Lc

erfc

(
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
μ2+y2+ζ2

4αt

√
)

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

μ2 + y2 + ζ2
√ dμ dζ (A VIII)

h =
2
3

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

2

⎡

⎢
⎢
⎢
⎢
⎢
⎣

(
y2 + (Hinst + Htot)

2
)3
2erfc

⎛

⎝

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

y2 + (Hinst + Htot)
2

4αt

√ ⎞

⎠

−

̅̅̅̅̅̅̅
4αt
π

√
(
4αt + y2 + (Hinst + Htot)

2
)
e
− y2 − (Hinst+Htot)

2

4αt

⎤

⎥
⎥
⎥
⎥
⎥
⎦

−
(
y2 + (2Hinst)

2
)3
2erfc

⎛

⎝

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

y2 + (2Hinst)
2

4αt

√ ⎞

⎠

+

̅̅̅̅̅̅̅
4αt
π

√
(
4αt + y2 + (2Hinst)

2
)
e
− y2 − (2Hinst )

2

4αt

−
(
y2 + (2Htot)

2
)3
2erfc

⎛

⎝

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

y2 + (2Htot)
2

4αt

√ ⎞

⎠

+

̅̅̅̅̅̅̅
4αt
π

√
(
4αt + y2 + (2Htot)

2
)
e
− y2 − (2Htot)

2

4αt

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

(A IX)

i = −
2
3

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

2

⎡

⎢
⎢
⎢
⎢
⎢
⎣

(
L2c + y2 + (Hinst + Htot)

2
)3
2erfc

⎛

⎝

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

L2c + y2 + (Hinst + Htot)
2

4αt

√ ⎞

⎠

−

̅̅̅̅̅̅̅
4αt
π

√
(
4αt + L2c + y2 + (Hinst + Htot)

2
)
e
− L2c − y2 − (Hinst+Htot )

2

4αt

⎤

⎥
⎥
⎥
⎥
⎥
⎦

−
(
L2c + y2 + (2Hinst)

2
)3
2erfc

⎛

⎝

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

L2c + y2 + (2Hinst)
2

4αt

√ ⎞

⎠

+

̅̅̅̅̅̅̅
4αt
π

√
(
4αt + L2c + y2 + (2Hinst)

2
)
e
− L2c − y2 − (2Hinst )

2

4αt

−
(
L2c + y2 + (2Htot)

2
)3
2erfc

⎛

⎝

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

L2c + y2 + (2Htot)
2

4αt

√ ⎞

⎠

+

̅̅̅̅̅̅̅
4αt
π

√
(
4αt + L2c + y2 + (2Htot)

2
)
e
− L2c − y2 − (2Htot )

2

4αt

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

(A X)
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j =
(4αt)

3
2
̅̅̅
π

√

(

2e
− y2 − (Hinst+Htot )

2

4αt − e
− y2 − (2Hinst )

2

4αt − e
− y2 − (2Htot)

2

4αt

)

(A XI)

k = −
(4αt)

3
2
̅̅̅
π

√

(

2e
− L2c − y2 − (Hinst+Htot )

2

4αt − e
− L2c − y2 − (2Hinst )

2

4αt − e
− L2c − y2 − (2Htot )

2

4αt

) (A XII)

l = − 4αtLc
(

2e
− y2 − (Hinst+Htot )

2

4αt − e
− y2 − (2Hinst )

2

4αt − e
− y2 − (2Htot)

2

4αt

)

erf
(

Lc
̅̅̅̅̅̅̅
4αt

√

) (A XIII)

m = 2αt
(

e
− y2
4αt − e

− Lc − y2
4αt

)

⎛

⎜
⎜
⎜
⎜
⎝

4(Hinst + Htot)erf
(
(Hinst + Htot)

̅̅̅̅̅̅̅
4αt

√

)

− 4Hinst erf
(
2Hinst
̅̅̅̅̅̅̅
4αt

√

)

− 4Htot erf
(
2Htot
̅̅̅̅̅̅̅
4αt

√

)

⎞

⎟
⎟
⎟
⎟
⎠

(A XIV)

n = Lc
̅̅̅̅̅̅̅
4αt

√

∫Lc

− Lc

2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

μ2 + y2 + (Hinst + Htot)
2

4αt

√

erfc

⎛

⎝

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

μ2 + y2 + (Hinst + Htot)
2

4αt

√ ⎞

⎠

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

μ2 + y2 + (2Hinst)
2

4αt

√

erfc

⎛

⎝

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

μ2 + y2 + (2Hinst)
2

4αt

√ ⎞

⎠

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

μ2 + y2 + (2Htot)
2

4αt

√

erfc

⎛

⎝

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

μ2 + y2 + (2Htot)
2

4αt

√ ⎞

⎠dμ

(A XV)

o = 4Hinst
̅̅̅̅̅̅̅
4αt

√

∫Hinst+Htot

2Hinst

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

L2c + y2 + η2
4αt

√

erfc

⎛

⎝

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

L2c + y2 + η2
4αt

√ ⎞

⎠

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
y2 + η2
4αt

√

erfc

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
y2 + η2
4αt

√ )

dη

(A XVI)

p = 4Htot
̅̅̅̅̅̅̅
4αt

√

∫2Htot

Hinst+Htot

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
y2 + η2
4αt

√

erfc

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
y2 + η2
4αt

√ )

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

L2c + y2 + η2
4αt

√

erfc

⎛

⎝

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

L2c + y2 + η2
4αt

√ ⎞

⎠dη

(A XVII)

q = − 2HinstLc
∫Hinst+Htot

2Hinst

∫Lc

− Lc

erfc

(
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
μ2+y2+η2

4αt

√
)

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
μ2 + y2 + η2

√ dμ dη (A XVIII)

r = 2HtotLc
∫2Htot

Hinst+Htot

∫Lc

− Lc

erfc

(
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
μ2+y2+η2

4αt

√
)

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
μ2 + y2 + η2

√ dμ dη (A XIX)
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Wärmepumpen: Planungs- und Bedienungsanleitung. Available at. https://www.me
fa.de/Energy%20Systems/Dokumente/MEFA%20geo%20Planungs-Betriebsanleitun
g.pdf. Accessed 21 Jun 2024.

Miocic, J.M., Schleichert, L., Van de Ven, A., Koenigsdorff, R., 2024. Fast calculation of
the technical shallow geothermal energy potential of large areas with a steady-state
solution of the finite line source. Geothermics. https://doi.org/10.1016/j.
geothermics.2023.102851.

Oh, H., Beckers, K., 2023. Cost and Performance Analysis for Five Existing Geothermal
Heat Pump-Based District Energy Systems in the United States.

Ozudogru, T.Y., Olgun, C.G., Senol, A., 2014. 3D numerical modeling of vertical
geothermal heat exchangers. Geothermics. https://doi.org/10.1016/j.
geothermics.2014.02.005.

Ramming, K., 2007. Bewertung und Optimierung oberflächennaher
Erdwärmekollektoren für Verschiedene Lastfälle. TUDpress, Dresden. Rashid, F.L.,
Dhaidan, N.S., Hussein, A.K., Al-Mousawi, F.N., Younis, O., 2023. Ground heat
exchanger in different configuration: review of recent advances and development.
Geoenergy Sci. Eng. https://doi.org/10.1016/j.geoen.2023.211872.

Rivera, J.A., Blum, P., Bayer, P., 2015. Analytical simulation of groundwater flow and
land surface effects on thermal plumes of borehole heat exchangers. Appl. Energy.
https://doi.org/10.1016/j.apenergy.2015.02.035.

Rivera, J.A., Blum, P., Bayer, P., 2017. Increased ground temperatures in urban areas:
estimation of the technical geothermal potential. Renew. Energy. https://doi.org/
10.1016/j.renene.2016.11.005.

Schramek, E.-R., Recknagel, H., Sprenger, E., 2005. Taschenbuch für Heizung und
Klimatechnik: Einschließlich Warmwasser- und Kältetechnik : mit über 2100
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